For F = R or C, let P l k,n (F ) denote the space of monic polynomials f (z) over F of degree k and such that the number of n-fold roots of f (z) is at most l. Let X l k,n (F ) denote the space consisting of all n-tuples (p 1 (z), . . . , p n (z)) of monic polynomials over F of degree k and such that there are at most l roots common to all p i (z). In this paper, we prove that
Introduction
The purpose of this paper is to study the relationship between the space of polynomials with multiple roots and the space of rational functions with common roots. We prove a theorem which generalizes previous results concerning these spaces.
Let C k (C) denote the configuration space of unordered k-tuples of distinct points in C. The space C k (C) has some interesting connections with the theory of algebraic functions and Artin's theory of braids. For instance, C k (C) is the space of monic polynomials over C of degree k without multiple roots. On the other hand, we have C k (C) = K(β k , 1), where β k is Artin's braid group on k-strings and K(β k , 1) is the corresponding Eilenberg-MacLane space. Thus the homology group of C k (C) has a certain significance.
In [1] , Arnold proved important theorems on the integral homology of C k (C), e.g. the stability of the homology. The proofs proceed as follows. Let P l k,n (C) denote the space of monic polynomials over C of degree k and such that the number of n-fold roots is at most l. (Compare Definition 2.1.) (We allow n-fold roots to coincide. Hence, an element of the complement of P l k,n (C) in C k is of the form (g l+1 (z)) n h k−(l+1)n (z), where g l+1 (z) and h k−(l+1)n (z) are arbitrary monic polynomials of degrees l + 1 and k − (l + 1)n, respectively.) yasuhiko kamiyama Let l k,n denote the complement of P l k,n (C) in S 2k = C k ∪ {∞}. By induction with making k larger and l smaller while n being fixed, one obtains information on l k,n for all k, n and l. By the Alexander duality, the information is equivalent to that on P l k,n (C). In particular, setting n = 2 and l = 0, we obtain information on C k (C) . Later, the homology group H * (C k (C); Z/p) was determined (using different methods) in [8] for p = 2 and in [6] for an odd prime p . Using this, the stable homotopy type of C k (C) was described in [3] in terms of Snaith's stable summands of 2 S 3 . On the other hand, Segal studied the topology of spaces of rational functions ( [13] ). Let Rat k (n) denote the space consisting of all n-tuples (p 1 (z), . . . , p n (z)) of monic polynomials over C of degree k and such that there are no roots common to all p i (z). Rat k (n) is considered to be the space of holomorphic maps of degree k from S 2 to CP n−1 with the basepoint condition
It is proved in [13] that i k is a homotopy equivalence up to dimension k(2n−3). Later, the stable homotopy type of Rat k (n) was described (using different methods) in [4] and [5] in terms of Snaith's stable summands of 2 S 2n−1 . In particular, we consider the case n = 2. Combining the results of [3] , [4] and [5] , we obtain a stable homotopy equivalence . This result was generalized in [14] as follows:
where P 0 k,n (C) is defined above. Later, (1.1) was improved to a homotopy equivalence for n ≥ 3. (Compare (2.3).)
If we take Arnold's proof and (1.1) into account, we naturally encounter the following problem: what is the (stable) homotopy type of P l k,n (C) for k ≥ 1, n ≥ 2 and l ≥ 0. The purpose of this paper is to study this. In fact, we consider four cases according as whether polynomials are defined over R or C, and whether we allow n-fold roots or common roots to be real or not. Our main results will be stated in Section 2. (Compare Theorems A, B and C.) Here we summarize the result for the most interesting case. (ii) Except when (n, l) = (2, 0), there is a homotopy equivalence
Note that our information on P l k,n (C) gives that on l k,n , since these spaces are Spanier-Whitehead dual to one another. This paper is organized as follows. In Section 2, we state the main results. We define four kinds of spaces consisting of polynomials and four kinds of spaces consisting of n-tuples of polynomials. Theorem A asserts that the corresponding spaces are stably homotopy equivalent. Theorem B gives stable splittings of these spaces. Theorem C asserts that in the most interesting case, the stable homotopy equivalence in Theorem A is in fact a homotopy equivalence. In Section 3, we recall previous results about the spaces in Section 2 and see how they are contained in Theorems A, B and C. In Section 4, we prove Theorem B. In Section 5, we prove Theorem A (i) for F = C and Theorem C. In Section 6, we prove Theorem A (i) for F = R and (ii).
Main results
Definition 2.1. For F = R or C, we set
and such that the number of n-fold roots is at most l}.
is a monic polynomial over F of degree k and such that there are at most l roots common to all p i (z)}.
there are no real roots common to all p i (z)}.
Remarks. 1. By definition, we have P We have the following diagrams:
Example 2.2. We set d = 1 for F = R and d = 2 for F = C. Then there are homotopy equivalences
where the case for F = C and (k, n) = (3, 2) is excluded from the second homotopy equivalence.
Proof. Since the proofs are similar, we prove only the second homotopy equivalences of (i) and (iii). Let be the complement of P [
polynomial f ∈ F k (hereafter we omit the variable z from each polynomial) belongs to if and only if the number of n-fold roots of f is exactly The homotopy types of Q [ [11] . (Compare (3.1) and (3.2).) Note that Example 2.2 (ii) and (iv) are special cases of them.
Our first result is the following:
Theorem A. For all k, n and l, there are stable homotopy equivalences
Remark. There are unstable maps
We can prove that these maps are homotopy equivalences as k → ∞.
In [14] , the result P
k,n (C) was proved as follows. First, we prove that the complements of these spaces in S 2kn are stably homotopy equivalent. Next, we use the fact that the Spanier-Whitehead duals of stably homotopy equivalent spaces are stably homotopy equivalent. In contrast to this, we prove Theorem A by constructing stable maps from the right-hand sides to the lefthand sides along the lines of [5] and [10] . 
Then we have a stable splitting
which is a generalization of Snaith's stable splitting of 2 S 2n−1 for l = 0.
Theorem B. There are stable homotopy equivalences
Remark. The first stable homotopy equivalence of Theorem B (ii) is in fact a homotopy equivalence:
The following theorem is a stronger version of Theorem A (i) for F = C.
Theorem C. Except when (n, l) = (2, 0), there are homotopy equivalences
where
Remark. When l = 0, Theorem C is known in [7] and [9] :
(n≥ 3).
Previous results
Theorem A has been studied for special cases and for these cases there are natural maps from the n-tuples of polynomials to certain loop spaces. We recall the known results below.
(i) As in Section 1, there is an inclusion
The first homotopy equivalence of (2.3)
is proved in [9] and the second is proved in [7] . The condition n ≥ 3 in (2.3) implies that each space is simply connected. But (2.3) does not hold for n = 2. In fact, the facts that
It is also shown in [7] that [4] and [5] for l = 0, and in [10] for general l.
be the space of continuous basepoint-preserving conjugation-equivariant maps of degree k from CP 1 to CP n−1 . There is an inclusion
As far as the author knows, there is no published matter which proves the fact that P is in fact a homotopy equivalence for n ≥ 4. In connection with this, we have
The first homotopy equivalence is clear and the second is proved in [13] . Hence, P 
It is proved in [11] that there are homotopy equivalences
where as in Section 2, J [
-th stage of the James construction which builds S 2n−1 . (iv) As in (iii), there is a natural map
It is proved in [14] that there is a homotopy equivalence
By [14, p. 88], (3.2) does not hold for n = 3 (i.e. for k = 6, 7 or 8,
(R).
The first homotopy equivalence is clear and the second is proved in [12] .
When n = 2, Theorem B (iv) holds unstably:
C).
Setting i = 0 or i = ∞ in the homotopy equivalence, we obtain the result for X 
Here (1) We introduce the notation
where gcd(a, b) is the greatest common divisor of the integers a and b. . (Hence, the above stability theorem is equivalent to the following assertion, which can be proved easily: each element of H q (W k−1 (2) ; Z/p) has weight ≤ q − k + 1.) It is easy to determine H * (W k−1 (2) ; Z/p) from the mod p Serre spectral sequence for the fibration
The result is given in [10] . As an application, we can determine the value of v.
Lemma 3.3. In Table 1 ,
Proof. We set k = 4s + 1. Since 6/kv is in the stable range, it suffices to determine H 8s+5 (W 4s (2); Z). Since 6/kv = even v = 1 odd v = 2 and 2/k = 2, we have
From the mod 2 Serre spectral sequence for the fibration 
Proof of Theorem B
In this section, every homology is with Z/p-coefficients, where p is a prime. Theorem B (i) is proved in [10] . Since the proofs of (ii)-(iv) are similar, we prove (ii).
Proposition 4.1. The homologies of the both sides of Theorem B (ii) are isomorphic.
Proof. We prove by induction with making l larger. The case for l = 0 is proved as follows. First, by constructing homology classes explicitly, we find a lower bound for the mod p homology of X 
is the inclusion. Hence, these elements are a lower bound for H * (X 0 k,n (R)). Proof. The proof of the lemma is similar to [2] and proceeds as follows. First, there is an inclusion
To construct this, we fix a homeomorphism h :
, we can construct β in X 0 q,n (C) for some q, hence using η q,0,n , we can construct β in X 0 2q,n (R). Then using the loop sum µ :
which is defined in the same way as in the loop sum X Proof. We prove the lemma along the lines of [14, p. 151] . We indicate where to change. Let be the complement of
There is a space G( ), a geometrical resolution of , so that G( ) 
where ±Z/p denotes the local system locally isomorphic to Z/p but changes the orientation over the loops defining odd permutations. Using the fact that [3] ), this is equivalent to
Let 1 ≤ * . From the Alexander duality, we have 
where i is the inclusion. To construct this, note the following decomposition as sets
and use the fact that H * c (SP s (R)) = 0 for s ≥ 2, where H * c is the cohomology with compact supports.
The homomorphism
yasuhiko kamiyama is given as follows. We give the case for l = 2i. It is easy to see that the second homotopy equivalence of Theorem B (ii) is equivalent to
From inductive hypothesis, we have
and
be the homomorphism corresponding to in the long exact sequence (4.6) with X(R) replaced by X(C). Then : (4.8) → (4.9) is given by mapping the first summand by ψ and the second summand by 0. Hence Proposition 4.1 holds for general l.
Finally, we construct (stable) maps from the right-hand side of Theorem B (ii). First, the unstable map from the right-hand side of the first homotopy equivalence of Theorem B (ii) or the first stable summand in (4.7) is essentially the inclusion η q,i,n in (4.3). Next, the stable map from the second stable summand in (4.7) is constructed as follows. By Example 2.2 (iii), we have an inclusion ι :
Consider the following composite of maps
where µ is the loop sum. This induces a stable map from the second stable summand in (4.7). Note that the unstable (resp. stable) map for the first (resp. second) homotopy equivalence of Theorem B (ii) are compatible with the homology splitting by weights. Using Proposition 4.1, it is easy to show that these maps induce isomorphisms in homology, hence are stable homotopy equivalences. This completes the proofs of Theorems B (ii).
Proofs of Theorem A (i) for F = C and Theorem C
The proof of Theorem A proceeds as follows. if y i = * (whereẑ means delete z). We set 
(n).
We construct an unstable map We identify D 2n−2 = f = z n + 0 · z n−1 + a 1 z n−2 + · · · + a n−1 : a i ∈ C,
A little 2-cube c naturally defines a map c : D 2n−2 → C n (where we identify C n with the space of monic polynomials over C of degree n) as follows. We fix a homeomorphism h : C 
